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Ban� ro
ks!



Overview
◮ Cowork with J�org Peters & Alireza Entezari
◮ Based on the sphere pa
king problem and sphere 
overingproblem, root latti
es are proposed as e�
ient samplinglatti
es in arbitrary dimensions.
◮ Symmetri
 box-spline �lters are 
onstru
ted for n-dimensionalirredu
ible root latti
es, leveraging the symmetri
 stru
ture ofea
h latti
e. (Zn, An, A�n, Dn, D�n)
◮ Detailed properties of ea
h box-spline and its spline spa
e areinvestigated.
◮ Appli
ations in volume re
onstru
tion are presented.Minho Kim and J�org Peters, Symmetri
 Box-Splines on Root Lat-ti
es, Journal of Computational and Applied Mathemati
s (a

epted)



Densest Sphere Pa
king Problem�How 
an we arrange non-overlapping identi
al spheres in then-dimensional Eu
lidean spa
e maximizing the volume proportiono

upied by the spheres?�
◮ Regular(latti
e)/irregular arrangement
◮ Densest regular pa
kings are known up to dimension 8.

(Courtesy of maths
areers.org.uk) (Courtesy of old-pi
ture.
om)



Densest Regular Pa
king and Optimal Sampling Latti
es
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◮ To �nd the latti
e with maximum density �:� = proportion of the spa
e o

upied by the spheres= volume of the ins
ribed spherevolume of the Voronoi 
ell
◮ We want the inradius of the Voronoi 
ells as large as possible.The optimal sampling latti
e is the dual of the densest sphere pa
kinglatti
e (Peteresen and Middleton '62).



Thinnest Sphere Covering
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◮ To �nd the latti
e with minimum thi
kness �:� = average # of spheres that 
ontain a point in the spa
e= volume of the 
ir
umspherevolume of the Voronoi 
ell
◮ We want the 
ir
umradius of the Voronoi 
ells as small aspossible.



◮ For dense regular pa
king or thin regular 
overing, highsymmetry at every latti
e point is required.! Root latti
es



Latti
es
◮ Dis
rete subgroup of maximal rank in a Eu
lidean ve
tor spa
e.
◮ Can be generated by a square generator matrix L.
◮ Dual latti
e 
an be generated by L�t.
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L = " 1 1=20 p3=2 #
L�t = " 1 0�1=p3 2=p3 #



2-Dimensional Example of Finite Re�e
tion Group
◮ Why `re�e
tions'?! Re�e
tions generate all the rigid transformations.

�=3fundamental 
hamberM1M2b

bcbc

bc

bc bc

R1R2R1xR2R1R2x = R1R2R1x x

R1xR1R2x
R2R1x R2x



Finite Re�e
tion Groups�Whi
h 
on�gurations of mirrors result in �nite re�e
tion groups inn-dimensional Eu
lidean spa
e?�
◮ Answered by H.S.M. Coxeter (1907�2003).
◮ For n = 2, dihedral angles �=k, k � 2 and k 2 Z, are allowed.
◮ For n > 2, only �nitely many �nite re�e
tion groups exist.
◮ Symmetri
: Invariant under the orthogonal transformationsgenerated by re�e
tions.



Root Systems

◮ Fundamental roots
◮ A �nite re�e
tion group 
an be re-formulated by a root systemand studied via linear algebra.



Root Latti
es
◮ Not all root systems generate latti
es!(Should be shift-invariant.)
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◮ Crystallographi
 restri
tion: Dihedral angles are limited to�=k, k 2 f2; 3; 4; 6g.
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◮ Symmetri
: Root latti
es have the same symmetry as the�nite re�e
tion group at every latti
e point.



Pa
king Densities of Some Root Latti
es (Conway & Sloane)
b hexagonal

b FCC
bBCC

b E6
b E7

b E8
Z
nAnA�nDnD�npa
kingdensity(�)

dimension0
1

1 2 3 4 5 6 7 8 9 10
◮ Known to be optimal (among latti
es) up to dimension 8:

Z ' A1, A2, A3 ' D3, D4, D5, E6, E7, and E8
◮ Cartesian latti
es are not e�
ient sampling latti
es.



Covering Thi
kness (�) of Some Root Latti
es (Conway &Sloane)
bFCC bBCC
Z
nAnA�nDnD�nlog(�)

dimension012
345

1 2 3 4 5 6 7 8 9 10
◮ Known to be optimal (among latti
es) up to dimension 5:

Z, A2, A�3, A�4, and A�5
◮ Again, Cartesian latti
es are not e�
ient sampling latti
es.



◮ Root latti
es are good 
andidates for e�
ient sampling inarbitrary dimensions.
◮ Cartesian latti
es are less e�
ient sampling than other rootlatti
es.
◮ Whi
h (symmetri
) re
onstru
tion �lter 
an we use?! Box-splines



Box-Splines: De�nitionn�m Dire
tion matrixh1 1 1i
bc

bc

bc0 1 2 3" 1 0 1 �10 1 1 1 1 0 1 �10 1 1 1 1 0 1 �10 1 1 1 1 0 1 �10 1 1 1 1 0 1 �10 1 1 1 #
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Box-Splines: Properties
◮ Finite support de�ned by Minkowski sum of the dire
tions.
◮ Pie
ewise polynomial of degree m� n
◮ Polynomial pie
es are delineated by the shifts of the knotplanes (Hyperplanes spanned by the dire
tions of Ξ).
◮ Carl De Boor, Klaus H�ollig, S. D. Riemens
hneider�Box Splines� (1993)



Spline
◮ A linear 
ombination of the shifts of the box-spline:s 2 SΞ := span(MΞ(� � j))j2Zn .
◮ fMΞ(� � j)gj2Zn form a basis i� Ξ is unimodular.
◮ Approximation order (when Ξ 2 Z

n�m)�(Ξ) := fminZ�Ξ#Z : rank(ΞnZ) < ng
◮ Spline evaluation at x.s(x) = X

j2ZnMΞ(x� j)a(j)=MΞ(x � j1)a(j1)+MΞ(x � j2)a(j2)+MΞ(x � j3)a(j3)+MΞ(x � j4)a(j4)+MΞ(x � j5)a(j5)+MΞ(x � j6)a(j6)+MΞ(x � j7)a(j7) b
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◮ Large support ! More samples for evaluation



Box-Splines on Non-Cartesian Latti
es
X

j2LZn jdetLjMLΞ(� � j)a(j) = X
k2ZnMΞ(L�1 � �k)a(Lk)

◮ A spline as a linear 
ombination of the shifts of the box-splinejdetLjMLΞ on the non-Cartesian latti
e LZn has a 
hange ofvariables relation with the spline as a linear 
ombination of theshifts of the box-spline MΞ on the Cartesian latti
e.



Constru
ting Symmetri
 Box-Splines on Root Latti
es
◮ To maximize the approximation order, dire
tions asso
iatedwith the latti
e points are used. This also guarantees rationalpolynomial 
oe�
ients. (Kim & Peters '09)
◮ To make the box-spline has the same symmetry as the latti
e,all the (non-parallel) latti
e points with the same distan
es arein
luded.
◮ To make the support of the box-spline small, 
onsider theshort dire
tions �rst.



Symmetri
 Box-Spline on the Cartesian Latti
edim. box-spline latti
e dire
tion matrix generator matrix 
ontinuity basis? �� (f(�+ j))n MZn Cartesian In [ fen + n�1Xj=1 �ejg In C2n�2 no not known2 MZ2 �=ZP-element " 1 0 1 �10 1 1 1 # C1 no (f � 124 X
ξ2ΞZPD2

ξf)(j)3 MZ3 264 1 0 0 1 �1 1 �10 1 0 1 1 �1 �10 0 1 1 1 1 1 375 C2 no (f � 124 X
ξ2Ξ

Z3 D2
ξf)(j)n M�An An [1�i<j�n+1 �X�n (ei � ej)	 A�n Cn�2 yes not known2 M�A2 �=M�A�2 �=M��1 hexagonal 12 " 2 1�p3 �1�p3�2 �1�p3 1�p3 # 12 " 1�p3 �1�p3�1�p3 1�p3 # C0 yes f(j)3 M�A3 =Mf

 �=MD3 FCC 264 1 1 0 0 �1 �1�1 0 �1 1 0 �10 �1 �1 �1 �1 0 375 264 0 1 11 0 11 1 0 375 C1 yes (f � 124 X

ξ2Ξf

D2
ξf)(j)n M�A�n =M��1 A�n A��n h

In �j i A��n C0 yes f(j)n M��r A�n A��n r[i=1 h In �j i A��n C2r�2 yes not knownn M��2 A�n A��n h
In �j In �j i A��n C2 yes (f � 112 X

ξ2T��2 D2
ξf)(j)2 M�A�2 �=M�A2 �=M��1 hexagonal 12p3 " 1�p3 1�p3 21�p3 1�p3 2 # � 12p3 " 1�p3 1�p31�p3 1�p3 # C0 yes f(j)3 M�A�3 �=M�A3 �=M��1 BCC 12 264 �1 1 1 �11 �1 1 �11 1 �1 �1 375 12 264 �1 1 11 �1 11 1 �1 375 C0 yes f(j)

n MDn Dn [1�i<j�n fei � ejg "
In�1 �en�1�jt �1 # (C1 (n = 3)C2n�4 (n > 3) (yes (n = 3)no (n > 3) not known3 MD3 �=M�A3 FCC 264 1 1 1 1 0 01 �1 0 0 1 10 0 1 �1 1 �1 375 264 1 0 00 1 �1�1 �1 �1 375 C1 yes (f � 124 X

ξ2Ξf

D2
ξf)(j)

n MD�n D�n In [ 12fen + n�1Xj=1�ejg "
In�1 j=2
0t 1=2 # C2n�2 no not known3 MD�3 BCC 12 264 2 0 0 1 �1 1 �10 2 0 1 1 �1 �10 0 2 1 1 1 1 375 264 1 0 1=20 1 1=20 0 1=2 375 C2 no (f � 124 X

ξ2Ξb

D2
ξf)(j)



Symmetri
 Box-Spline on the Cartesian Latti
e
◮ The Cartesian latti
e Z

n
◮ Generated by the root system

Bn := f�ei � ej : 1 � i 6= j � ng [S1�j�nfejg
◮ Symmetry order: 2nn!
◮ Center density: 2�n

◮ (Symmetri
) tensor-produ
t B-spline
◮ Constru
ted by the n shortest (axis-aligned) dire
tions,repeated r times ea
h.
◮ High degree (rn) 
ompared to its approximation order (r � 1).
◮ Too large support ! High 
omputationl 
ost

◮ The symmetri
 box-spline MZn
◮ Constru
ted by n axis-aligned dire
tions + 2n�1 diagonaldire
tions! Extension of ZP-element (Zwart '73) and 7-dire
tionbox-spline (Peters '96)
◮ Polynomial degree: 2n�1
◮ Approximation order: 2n�2 + 2
◮ Shifts do not form a basis.



Box-Spline MZ2 on the Cartesian Latti
e
◮ Dire
tion matrix " 1 0 1 �10 1 1 1 #.
◮ Centered ZP-element (Zwart '73).
◮ Pie
ewise polynomial of degree 2.
◮ C1 
ontinuous & approximation order 3
◮ Sten
il size is 7.

44 44 4 44 44 222 2 22222 2 2 221 111 0 0 0 0 0 0 00000
00000000 0 0 0 0 0 0 0 0 0 0000

00000000 0 0 0 0



Box-Spline MZ3 on the Cartesian Latti
e
◮ Dire
tion matrix 264 1 0 0 1 �1 1 �10 1 0 1 1 �1 �10 0 1 1 1 1 1 375.
◮ Centered 7-dire
tion box-spline (Peters '96).
◮ Pie
ewise polynomial of degree 4.
◮ C2 
ontinuous & approximation order 4
◮ Sten
il size is 53.
f. 64 for B-spline with the same approximation order



Symmetri
 Box-Spline on the An Latti
edim. box-spline latti
e dire
tion matrix generator matrix 
ontinuity basis? �� (f(�+ j))n MZn Cartesian In [ fen + n�1Xj=1 �ejg In C2n�2 no not known2 MZ2 �=ZP-element " 1 0 1 �10 1 1 1 # C1 no (f � 124 X
ξ2ΞZPD2

ξf)(j)3 MZ3 264 1 0 0 1 �1 1 �10 1 0 1 1 �1 �10 0 1 1 1 1 1 375 C2 no (f � 124 X
ξ2Ξ

Z3 D2
ξf)(j)n M�An An [1�i<j�n+1 �X�n (ei � ej)	 A�n Cn�2 yes not known2 M�A2 �=M�A�2 �=M��1 hexagonal 12 " 2 1�p3 �1�p3�2 �1�p3 1�p3 # 12 " 1�p3 �1�p3�1�p3 1�p3 # C0 yes f(j)3 M�A3 =Mf

 �=MD3 FCC 264 1 1 0 0 �1 �1�1 0 �1 1 0 �10 �1 �1 �1 �1 0 375 264 0 1 11 0 11 1 0 375 C1 yes (f � 124 X

ξ2Ξf

D2
ξf)(j)n M�A�n =M��1 A�n A��n h

In �j i A��n C0 yes f(j)n M��r A�n A��n r[i=1 h In �j i A��n C2r�2 yes not knownn M��2 A�n A��n h
In �j In �j i A��n C2 yes (f � 112 X

ξ2T��2 D2
ξf)(j)2 M�A�2 �=M�A2 �=M��1 hexagonal 12p3 " 1�p3 1�p3 21�p3 1�p3 2 # � 12p3 " 1�p3 1�p31�p3 1�p3 # C0 yes f(j)3 M�A�3 �=M�A3 �=M��1 BCC 12 264 �1 1 1 �11 �1 1 �11 1 �1 �1 375 12 264 �1 1 11 �1 11 1 �1 375 C0 yes f(j)

n MDn Dn [1�i<j�n fei � ejg "
In�1 �en�1�jt �1 # (C1 (n = 3)C2n�4 (n > 3) (yes (n = 3)no (n > 3) not known3 MD3 �=M�A3 FCC 264 1 1 1 1 0 01 �1 0 0 1 10 0 1 �1 1 �1 375 264 1 0 00 1 �1�1 �1 �1 375 C1 yes (f � 124 X

ξ2Ξf

D2
ξf)(j)

n MD�n D�n In [ 12fen + n�1Xj=1�ejg "
In�1 j=2
0t 1=2 # C2n�2 no not known3 MD�3 BCC 12 264 2 0 0 1 �1 1 �10 2 0 1 1 �1 �10 0 2 1 1 1 1 375 264 1 0 1=20 1 1=20 0 1=2 375 C2 no (f � 124 X

ξ2Ξb

D2
ξf)(j)



Symmetri
 Box-Spline on the An Latti
e
◮ The An latti
e

◮ Generated by the root system
An := f�(ei � ej)2 R

n+1 : 1 � i 6= j � n+ 1g
◮ Generated by the ve
tors asso
iated with the n edges of aregular n-simplex sharing a vertex.
◮ Symmetry order: (n+ 1)!2
◮ Center density: 2n=2(n+ 1)�1=2
◮ Examples: hexagonal, FCC

◮ The symmetri
 box-spline M�An
◮ Constru
ted by the shortest (non-parallel) n(n + 1)=2dire
tions.
◮ Polynomial degree: n(n � 1)=2
◮ Approximation order: n
◮ The shifts form a basis.



Embedding the An Latti
e in R
n

◮ Diagonally s
ale the n-simplex 
omposed off0g [ [1�j�nfejgsu
h that it be
omes regular.
! A�n := In + 1n ��1�pn+ 1�Jn! Square generator matri
es of the An latti
e(Kim & Peters '10)



Box-Spline M�A2 on the Hexagonal Latti
e
◮ Generator matrix 12 " 1�p3 �1�p3�1�p3 1�p3 #.
◮ Dire
tion matrix 12 " 2 1�p3 �1�p3�2 �1�p3 1�p3 #.
◮ Bivariate linear box-spline on the hexagonal latti
e.
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Box-Spline Mf

 on the FCC Latti
e
◮ Generator matrix 264 0 1 11 0 11 1 0 375
◮ Dire
tion matrix 264 1 1 0 0 �1 �1�1 0 �1 1 0 �10 �1 �1 �1 �1 0 375.
◮ Six-dire
tion box-spline on the FCC latti
e (Entezari '07).



Re
onstru
tion on the FCC Latti
e
◮ Quality
◮ Performan
e Dataset Cartesian FCC RatioMars
hner-Lobb 135 98 72%Carp 515 358 69%Minho Kim, Alireza Entezari and J�org Peters, Box-Spline Re
onstru
-tion on the Fa
e Centered Cubi
 latti
e, IEEE Visualization 2008.



Symmetri
 Box-Spline on the A�n Latti
edim. box-spline latti
e dire
tion matrix generator matrix 
ontinuity basis? �� (f(�+ j))n MZn Cartesian In [ fen + n�1Xj=1 �ejg In C2n�2 no not known2 MZ2 �=ZP-element " 1 0 1 �10 1 1 1 # C1 no (f � 124 X
ξ2ΞZPD2

ξf)(j)3 MZ3 264 1 0 0 1 �1 1 �10 1 0 1 1 �1 �10 0 1 1 1 1 1 375 C2 no (f � 124 X
ξ2Ξ

Z3 D2
ξf)(j)n M�An An [1�i<j�n+1 �X�n (ei � ej)	 A�n Cn�2 yes not known2 M�A2 �=M�A�2 �=M��1 hexagonal 12 " 2 1�p3 �1�p3�2 �1�p3 1�p3 # 12 " 1�p3 �1�p3�1�p3 1�p3 # C0 yes f(j)3 M�A3 =Mf

 �=MD3 FCC 264 1 1 0 0 �1 �1�1 0 �1 1 0 �10 �1 �1 �1 �1 0 375 264 0 1 11 0 11 1 0 375 C1 yes (f � 124 X

ξ2Ξf

D2
ξf)(j)n M�A�n =M��1 A�n A��n h

In �j i A��n C0 yes f(j)n M��r A�n A��n r[i=1 h In �j i A��n C2r�2 yes not knownn M��2 A�n A��n h
In �j In �j i A��n C2 yes (f � 112 X

ξ2T��2 D2
ξf)(j)2 M�A�2 �=M�A2 �=M��1 hexagonal 12p3 " 1�p3 1�p3 21�p3 1�p3 2 # � 12p3 " 1�p3 1�p31�p3 1�p3 # C0 yes f(j)3 M�A�3 �=M�A3 �=M��1 BCC 12 264 �1 1 1 �11 �1 1 �11 1 �1 �1 375 12 264 �1 1 11 �1 11 1 �1 375 C0 yes f(j)

n MDn Dn [1�i<j�n fei � ejg "
In�1 �en�1�jt �1 # (C1 (n = 3)C2n�4 (n > 3) (yes (n = 3)no (n > 3) not known3 MD3 �=M�A3 FCC 264 1 1 1 1 0 01 �1 0 0 1 10 0 1 �1 1 �1 375 264 1 0 00 1 �1�1 �1 �1 375 C1 yes (f � 124 X

ξ2Ξf

D2
ξf)(j)

n MD�n D�n In [ 12fen + n�1Xj=1�ejg "
In�1 j=2
0t 1=2 # C2n�2 no not known3 MD�3 BCC 12 264 2 0 0 1 �1 1 �10 2 0 1 1 �1 �10 0 2 1 1 1 1 375 264 1 0 1=20 1 1=20 0 1=2 375 C2 no (f � 124 X

ξ2Ξb

D2
ξf)(j)



Symmetri
 Box-Spline on the A�n Latti
e
◮ The A�n latti
e

◮ The dual latti
e of the An latti
e
◮ Generated by the ve
tors from the 
enter of a regularn-simplex to its verti
es.
◮ Symmetry order: (n+ 1)!2
◮ Center density: nn=22n(n+1)(n�1)=2
◮ Examples: hexagonal, BCC

◮ The symmetri
 box-spline M�A�n
◮ Constru
ted by the (n+ 1) shortest dire
tions.
◮ Polynomial degree: 1
◮ Approximation order: 2
◮ The shifts form a basis.
◮ Examples: 4- and 8-dire
tion box-splines on the BCC latti
e(Entezari et al.)



Embedding the A�n Latti
e in R
n

◮ Diagonally s
ale the n-simplex 
omposed off�jg [ [1�j�nfejgsu
h that it be
omes regular.
! A��n := In + 1n ��1� 1pn+1�Jn! Square generator matri
es of the A�n latti
e(Kim & Peters '10)



Symmetri
 Linear Box-Spline on the A�n Latti
e
◮ Analogous to the shadow proje
tion of a slab along diagonal.

Minho Kim, J�org Peters, Symmetri
 Box-Splines on the A�n Latti
eJournal of Approximation Theory 2010.



Symmetri
 Box-Spline on the Dn Latti
edim. box-spline latti
e dire
tion matrix generator matrix 
ontinuity basis? �� (f(�+ j))n MZn Cartesian In [ fen + n�1Xj=1 �ejg In C2n�2 no not known2 MZ2 �=ZP-element " 1 0 1 �10 1 1 1 # C1 no (f � 124 X
ξ2ΞZPD2

ξf)(j)3 MZ3 264 1 0 0 1 �1 1 �10 1 0 1 1 �1 �10 0 1 1 1 1 1 375 C2 no (f � 124 X
ξ2Ξ

Z3 D2
ξf)(j)n M�An An [1�i<j�n+1 �X�n (ei � ej)	 A�n Cn�2 yes not known2 M�A2 �=M�A�2 �=M��1 hexagonal 12 " 2 1�p3 �1�p3�2 �1�p3 1�p3 # 12 " 1�p3 �1�p3�1�p3 1�p3 # C0 yes f(j)3 M�A3 =Mf

 �=MD3 FCC 264 1 1 0 0 �1 �1�1 0 �1 1 0 �10 �1 �1 �1 �1 0 375 264 0 1 11 0 11 1 0 375 C1 yes (f � 124 X

ξ2Ξf

D2
ξf)(j)n M�A�n =M��1 A�n A��n h

In �j i A��n C0 yes f(j)n M��r A�n A��n r[i=1 h In �j i A��n C2r�2 yes not knownn M��2 A�n A��n h
In �j In �j i A��n C2 yes (f � 112 X

ξ2T��2 D2
ξf)(j)2 M�A�2 �=M�A2 �=M��1 hexagonal 12p3 " 1�p3 1�p3 21�p3 1�p3 2 # � 12p3 " 1�p3 1�p31�p3 1�p3 # C0 yes f(j)3 M�A�3 �=M�A3 �=M��1 BCC 12 264 �1 1 1 �11 �1 1 �11 1 �1 �1 375 12 264 �1 1 11 �1 11 1 �1 375 C0 yes f(j)

n MDn Dn [1�i<j�n fei � ejg "
In�1 �en�1�jt �1 # (C1 (n = 3)C2n�4 (n > 3) (yes (n = 3)no (n > 3) not known3 MD3 �=M�A3 FCC 264 1 1 1 1 0 01 �1 0 0 1 10 0 1 �1 1 �1 375 264 1 0 00 1 �1�1 �1 �1 375 C1 yes (f � 124 X

ξ2Ξf

D2
ξf)(j)

n MD�n D�n In [ 12fen + n�1Xj=1�ejg "
In�1 j=2
0t 1=2 # C2n�2 no not known3 MD�3 BCC 12 264 2 0 0 1 �1 1 �10 2 0 1 1 �1 �10 0 2 1 1 1 1 375 264 1 0 1=20 1 1=20 0 1=2 375 C2 no (f � 124 X

ξ2Ξb

D2
ξf)(j)



Symmetri
 Box-Spline on the Dn Latti
e
◮ The Dn latti
e

◮ A.k.a. �
he
kerboard latti
e� fj 2 Z
n :Pk j(k) is eveng

◮ Generated by the root system Cn or Dn
◮ De�ned only for n � 3
◮ Symmetry order: (2nn! (n 6= 4)1152 (n = 4)
◮ Center density: 2(n+2)=2
◮ Example: FCC

◮ The symmetri
 box-spline MDn
◮ Constru
ted by the n(n� 1) shortest dire
tions
◮ Polynomial degree: n(n � 2)
◮ Approximation order: 2n� 2
◮ The shifts do not form a basis ex
ept for n = 3.
◮ Example: 6-dire
tion box-splines on the FCC latti
e



Symmetri
 Box-Spline on the D�n Latti
edim. box-spline latti
e dire
tion matrix generator matrix 
ontinuity basis? �� (f(�+ j))n MZn Cartesian In [ fen + n�1Xj=1 �ejg In C2n�2 no not known2 MZ2 �=ZP-element " 1 0 1 �10 1 1 1 # C1 no (f � 124 X
ξ2ΞZPD2

ξf)(j)3 MZ3 264 1 0 0 1 �1 1 �10 1 0 1 1 �1 �10 0 1 1 1 1 1 375 C2 no (f � 124 X
ξ2Ξ

Z3 D2
ξf)(j)n M�An An [1�i<j�n+1 �X�n (ei � ej)	 A�n Cn�2 yes not known2 M�A2 �=M�A�2 �=M��1 hexagonal 12 " 2 1�p3 �1�p3�2 �1�p3 1�p3 # 12 " 1�p3 �1�p3�1�p3 1�p3 # C0 yes f(j)3 M�A3 =Mf

 �=MD3 FCC 264 1 1 0 0 �1 �1�1 0 �1 1 0 �10 �1 �1 �1 �1 0 375 264 0 1 11 0 11 1 0 375 C1 yes (f � 124 X

ξ2Ξf

D2
ξf)(j)n M�A�n =M��1 A�n A��n h

In �j i A��n C0 yes f(j)n M��r A�n A��n r[i=1 h In �j i A��n C2r�2 yes not knownn M��2 A�n A��n h
In �j In �j i A��n C2 yes (f � 112 X

ξ2T��2 D2
ξf)(j)2 M�A�2 �=M�A2 �=M��1 hexagonal 12p3 " 1�p3 1�p3 21�p3 1�p3 2 # � 12p3 " 1�p3 1�p31�p3 1�p3 # C0 yes f(j)3 M�A�3 �=M�A3 �=M��1 BCC 12 264 �1 1 1 �11 �1 1 �11 1 �1 �1 375 12 264 �1 1 11 �1 11 1 �1 375 C0 yes f(j)

n MDn Dn [1�i<j�n fei � ejg "
In�1 �en�1�jt �1 # (C1 (n = 3)C2n�4 (n > 3) (yes (n = 3)no (n > 3) not known3 MD3 �=M�A3 FCC 264 1 1 1 1 0 01 �1 0 0 1 10 0 1 �1 1 �1 375 264 1 0 00 1 �1�1 �1 �1 375 C1 yes (f � 124 X

ξ2Ξf

D2
ξf)(j)

n MD�n D�n In [ 12fen + n�1Xj=1�ejg "
In�1 j=2
0t 1=2 # C2n�2 no not known3 MD�3 BCC 12 264 2 0 0 1 �1 1 �10 2 0 1 1 �1 �10 0 2 1 1 1 1 375 264 1 0 1=20 1 1=20 0 1=2 375 C2 no (f � 124 X

ξ2Ξb

D2
ξf)(j)



Symmetri
 Box-Spline on the D�n Latti
e
◮ The D�n latti
e

◮ The dual latti
e of the Dn latti
e
◮ Generated by inserting additional points at the 
enter of the
ubes embedded in Z

n. ! �Body-
entered 
ubi
 latti
e�
◮ Symmetri
 order: same as that of the Dn latti
e
◮ Center density: (31:52�5 (n = 3)2�(n�1) (n > 3)
◮ Example: BCC

◮ The symmetri
 box-spline MD�n
◮ Polynomial degree: 2n�1
◮ Approximation order: 2n�2 + 2
◮ The shifts do not form a basis.



Box-Spline MD�3 on the BCC Latti
e
◮ Dire
tion matrix 12 264 2 0 0 1 �1 1 �10 2 0 1 1 �1 �10 0 2 1 1 1 1 375.
◮ Generator matrix 12 264 �1 1 11 �1 11 1 �1 375.



MD�3 vs. 8-Dire
tion Box-Spline (Entezari et al. '04)box-spline 8-dir. MD�3polynomial degree 5 4approximation order 3 3# of pie
es 192 720sten
il size 32 30basis? yes no



MD�3 vs. 8-Dire
tion Box-Spline (Entezari et al. '04)



Wrap-Up
◮ Root latti
es ) Good!
◮ Box-splines ) Good!
◮ Box-splines on root latti
es ) Awesome!!!WANTED: Appli
ations in high dimensions



Questions?
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